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ABSTRACT

By the use of two separate mesh sizes instead of one in computing finite differences, an extrapolation to effective
“zero’’ mesh size may be made in order to reduce the truncation error, as originally suggested by Richardson. This
technique of ‘““difference extrapolation” is applied to the estimation of individual differentials in the barotropic vor-
ticity equation, and here corresponds to the use of “second-order’” finite differences. The truncation-induced phase
speed lag of the difference solution relative to the true solution is shown to be systematically reduced, especially for
the shorter waves. Next, the extrapolation is applied with two separate solutions of the barotropic difference equation,
with the result that the phase speeds are further improved, but at the expense of an amplitude distortion of about 10

percent.

This amplitude distortion may be removed for a particular wavelength, and a small further phase speed
improvement obtained, but the amplitude distortion remains for other wavelengths.
extrapolation’ are therefore felt to be unsuitable for routine use.

These methods of ‘“‘solution
The method of ““difference extrapolation,”’how-

ever, preserves the solution’s amplitude, and if used in conjunction with a suitable smoothing procedure should
result in a net error reduction for those waves resolved by the mesh and retained by the smoothing.

1. INTRODUCTION

In the approximation of spatial derivatives by finite
differences, a truncation error is made which in general
depends upon the size of the finite space increment, as
well as upon the wavelength and orientation of the con-
tinuous field being estimated. The most widely-used
procedure is the familiar centered space difference, which
we may illustrate in the case of the first derivative of a
(continuous) function f as

of s fax+Ar)— f(x—Ax)
&—Af - 2A% ’ 1)

where z is a typical space coordinate and Az is the mesh
size. The error of this approximation is easily shown to
be of the order (Ax)? i.e.,

1'This research has been supported by the Geophysics Research Directorate of the Air
Force Cambridge Research Center under contract No. AF 19(604)-4965.

() =a/—T—0(az). @)
This approximation is furthermore a consistent one in
the sense that e(f)—0 as Az—0. It is the purpose of this
study to utilize such Az-dependence of the truncation
error in order to improve the accuracy of the finite-
difference approximation itself, using an extrapolation
technique. The procedure to be described will be seen
to be related to several proposed methods for the reduc-
tion of truncation error and for smoothing.

2. THE EXTRAPOLATION TECHNIQUE

Since the accuracy of the difference approximation de-
pends upon the mesh spacing, it occurs to one that from,
say, two finite difference estimates, made with different
grid increments, an improved estimate of the derivative
might be made. Considering the estimation of of/0z for
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example, and denoting the two grid increments by Au,
and Azx,, we have

f(erA:m 9)— fle— 2w, )
242y, 2

(Af)1,2 (3)

where (Af);,; denotes either of the two difference estimates
of 9of/dx. Since the error of (Af),. is of the order (Az)?
we may extrapolate to an effective zero mesh size by form-
ing the linear combination

P81 (8):,

(Af)(;:-‘ p2—1

(4)

where p=Ax,/Ar;>1. This “extrapolation to the limit”
18 illustrated in figure 1, and was evidently first suggested
by Richardson [6].

In order to show that the estimate (4) is a systematic
improvement over either (Af); or (Af), alone, we may ex-
pand f in a Taylor series with remainder about =0,

Fla+Am)=F(z) + Ax laf A | AxtoY

2 br2 6 o}
Az; Yf | Az} /O ,(5)
24 0zt 120\ 3a% /s, s,

o) Azt O?

(@ Az =f (a2 p Aa))=f (&) & p Ay L £2H 0T

ox 2 ox

p°Az; O | p*Axi QY | pPAxt (Of
=5 ort 38 ot 120 \o o, &
where 6, . . ., 8; are suitable points in the vicinity of
the origin. Inserting these expressions into (3) and (4),

we find the truncation error

e(N=f)—L=0(aa). @)

This result was only to be expected, however, since the
p’-extrapolation in (4) was designed to eliminate the
dominant (Az)? error-dependence of (Af) ..

This extrapolation technique has been used with some
success in steady-state problems of engineering (Salvadori
[8]), and is a relatively well-known procedure in the
numerical analysis of linear differential equations (see,
for example, Buckingham [1] or Hartree [3]). In the
nonlinear, time-dependent equations typical of dynamical
weather prediction, however, we have no guarantee that
its use will result in a systematic improvement. In the
first place, the extrapolation might be performed at each
time step in the calculation of the non-homogeneous terms,
or might be applied to the entire solutions from the
separate grids. Moreover, in the presence of several
wavelengths in the field of the dependent variable, the
extrapolation may improve the difference estimates for
only certain waves and fail to provide an overall error
reduction of the order implied by (7). In spite of these
misgivings, it seems worthwhile to give the extrapolation
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Ficure 1.—The Richardson extrapolation technique for the
reduction of truncation error, applied to the calculation of the
derivative Of/0x by centered differences.

technique some further consideration, particularly in view
of its relations to other computational schemes discussed
below.

For the sake of clarity, let us select Axy/Az =2, and
again consider the estimation of 0f/0x by centered differ-

ences. Expanding (4) we find, with p?=4,
4 1
(Af)():g (Af)l_g (Af)m (8)
which, upon use of (3), in turn yields
(Af)o 12A$ f 28r~ Sf—Ax—i_SfAz_szz); (9)

where f_.i, denotes f(x—2Az), etc. This expression is
recognized as just the “five-point’’ approximation to the
first derivative.

The extrapolation technique may also be employed in
the estimation of other differentials, of which the familiar
Laplacian v*f is a convenient example. Proceeding as
before, we find
P& f)1—(A%f)e
p?—1 ’

(A%f)o= (10)

where (A%),, are the difference estimates of v with a
truncation error O(Ar?). The error of the extrapolated
estimate (A%), is now O(Az'). If we select p*=2, we
then have simply

(A%f)o=2(Af 1 —

(8%f).. (11)
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This formula is the same as that found by Knighting [4]
in considering both the conventional five-point Laplacian
estimate and that involving the four ‘“‘corner” points at
a distance 2 greater from the central point. This
scheme is generated by a 45° rotation of the grid axes,
and is an improvement on the directionally-averaged
estimate of the Laplacian proposed by Thompson {[10].
As a final case of meteorological interest, we note that
the extrapolation method may be used in estimating the

Jacobian J(a, b) of two scalar variables @ and b. The
conventional estimate
L(a,b)=(4Az2) " (@s41, ;— i1, ;) (bs, j31—bs 5-1)

— (@, 41— @4, 5 1) (bigr, ;= b1 )] (12)

may be combined with the analogous estimate with A,
yielding
Ii(a,b)=I[p"Li(a,b)—I:(a,b))[p*—1]7}, (13)
since the dominant truncation error in each case is G(Ax?).
The error of the estimate Iy(a,b) is readily shown to be
O(ax*), and hence a systematic improvement over either
Ii(a,b) or I,(a,b) alone. If we select p=2 as before, we
find
IO(a}b)zzll(a:b)_IZ<a7b) (14)
which has also been suggested by Knighting (4] using the
45° ‘“rotated” axes for I:(a,b). Knighting, Jones, and
Hinds [5] have used both I,(a,b) and I:(a,b) as separate
estimates of the Jacobian in numerical integration of a
simple dynamical model, and find in general that the
“rotated’ axes estimate (Iy(a,b)) yields a smoother field,
and in some cases improved the prediction. From the
present viewpoint it would have been interesting il doth
estimates were used as in (14).

3. THE EXTRAPOLATION OF DIFFERENTIALS
IN THE BAROTROPIC VORTICITY EQUATION

Instead of the estimation of a single differential, the
meteorological prediction problem involves the solution of
a complete differential equation. The simplest of such
equations is that of the linearized barotropic model,

O, SO

%Y
+U 55185,=0

YRY (15)
where ¢ is the stream function of the nondivergent flow,
U the assumed constant zonal current, 8 the Rossby
parameter, and z and ¢ the eastward spatial and time
coordinates, respectively. As noted earlier, there are evi-
dently two ways of applying the Richardson extrapolation
technique: Either to improve the estimates of each dif-
ferential of (15) separately, or to improve the solution by
a suitable combination of two solutions found with dif-
ferent mesh sizes. We shall consider both methods in this
and the following sections.

The first extrapolation method, which might be termed
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“extrapolation of differentials,” is based upon the fact
that the truncation error of 0y/dz, d%y/ox*, and d*yY/d2® is
O(Ax?) when the usual centered space differences are used.
The use of centered time differences in the solution, how-
ever, introduces some awkwardness into the analysis by
virtue of its inapplicability for the first time step. TFor-
ward time differences, on the other hand, are unstable and
consequently unsuitable. There remains the method of
implicit differences (Gates [2]), and it will be used here
in order to simplify the analysis and at the same time to
employ a method applicable in practice.

The essence of the implicit difference approximation is
the use of information at both the current discrete time
step 7 and at the next time step 741 in order to evaluate
centered spatial differences. For the derivative 0y/oz we
thus have

((Af)eA-(Af) 1),

o0 _
Y (16)

DO

where Af denotes the usual centered difference estimate
asin (3). If both (Af), and (Af),,; are now improved by
the extrapolation technique with p*=Ax,/Ar,—4 for
convenience, we have

o
6% 2(24A$1)_1[8(¢m+1'1+1—ll/m—1,7+1+¢m+1,T_Kbm—],1‘)
‘ — (Wt rr1—¥me2, i1 T Vgt r—Y¥m—2.0)], (17)
where
U, -=yY(mAz,7AL), m=0,4+1,..., 7=0,1,....

In a similar manner we find the extrapolated implicit
difterence estimates

g%ﬁﬁ (24A23) TM16 (i1, s 11T ¥m—1, 041 20, ri1 g1, 0
F¥m1,0—2m, ) — Wtz r i1 ¥, e
— 2 et Wmtr e ¥ 2 s — 20 )], (18)
o’y 3
asl(%mﬁ) [32(¥mte,r41—2Wm 1,41 F 201 rp1
Y st 1 T ¥m2,r— Wt 1. T 21, v~ Yms 1)
—Wmta 1= 2 mi2, 1 T 2 m s 1V mea e
FYmiar—2Wmi2 vt 2Wm_2r—¥m_a-)], (19)
oY o
ataﬁﬁ(lzmmﬁ) M6(Wm+1,r+1¥m 1,001 20 m 11
~Ymit e Ym 1,72 ) — Fmtz, st 1T ¥mz i1
= 2m, i1 V¥mt2,r—V¥m—2, 7t 2¥m )] (20)

Inserting these expressions into (15) and assuming a
solution of the form ¢u,.,=A(r)e™", where a=2xAzx/L
with L the wavelength, we find after some manipulation

(a+2b)A(r+1)—(a—12b)A(r)=0, (21)
where

a=cos a—7, (22)
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At sin « cos a—4 .
b= [U(COS2 a-+cos a—8) +BAZ% <m)] (23)

2Ax 1

The so-called amplification matrix of (21) is given by

a—1b

G=m7 (24)

from which we see that |G@[**=1, a characteristic of the
(stable) implicit difference scheme. The solution of (21)
for arbitrary t=rAt may now be written as

A(r)=TG", (25)

where ¥ is the amplitude of the assumed initial condition
Vno=Te""; ie., A0)=¥. From (25) we may then
write the complete solution as

Y =T|G|7% exp {i[ma+r tan~* (2ab/a®—b?)]}. (26)

Recalling |G"*=1 and after some further manipulation,
we may write this solution as

Y =" exp {1 [ma—r tan™! (4X¥/4—N*)]}, @n
where
At . cos?a+cosa—8
R*ZE sin a{ Ul:————coS g A
BL%/4x? 2 Ccos a—
—<Sin a/2\? COSa 7 } (28)
/2

Comparing \* with the corresponding parameter

At . BL2/4x?
)\*Za_c sinal U (Sin a2\
. af2

(29)

occurring in the implicit difference solution of the baro-
tropic vorticity equation without extrapolation (Gates
[2]), we note that they differ only by the presence of the
bracketed terms of (28). The variation of A* with L
and Az, is shown in figure 2 for the selected values At=1
hr., U=20 m. sec.”!, and B(45°lat.)=1.619X107" em.™*
sec.”! By comparison with the corresponding values of A
also given, we note A*>\ for all Az and L.

The solutions with and without extrapolation may now
be conveniently compared by writing (27) in the form

Un o=V exp {ik [mAm—rALtO%]}, (30)

where C%is the phase speed of the numerical solution and
k=2x/L is the wave number. Here C% is given by

L n-!
0”‘2 At (4 x*2>

and its variation with Az and L is shown in figure 3,
along with the corresponding data for Cy without extrap-

(31)
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olation. The phase speeds are seen to be systematically
increased for all L and Az, particularly in the intermediate
cases, say 5Az <L <10Az. If we compare these curves with
the corresponding Rossby phase speed

BL?

Cr=U—f¢

(32)

of the analytic solution of (15), we may say that the phase
speed error of the numerical solution is approximately
halved by the use of the Richardson extrapolation tech-
nique with p=2.

The departure of the numerical phase speeds from the
corresponding Rossby phase speeds of the continuous
solution is due to both space and time truncation errors.
The present extrapolation technique, we note, seeks to
reduce only the spatially induced error, and it is therefore
ol interest to investigate its relative efficiency in compari-
son to the limiting case of Az—0. From (28) we first see
that
2wAt

L o
Im M= Cn

(33)

where Cr 1s given by (32). Hence, from (31) we have

lim O%=

Az—0

L B 2rAt O/ L
Seaf U 1[1—(7rAt O,i/L){I’ (34)
and the difference between this expression and Cp may
then be attributed to the time truncation error alone.2
In other words, the limiting speeds given by (34), and
shown in figure 3, are the most accurate which could be
found by reduction of the space mesh alone, and are a
reasonable basis for comparison with the results of the
extrapolation technique. In the case of Az;=100 km.,
for example, we see that as L increases an increasingly
large fraction of the total possible phase speed improve-
ment is provided by the present extrapolation. We also
note that for L>1500 km. (with the assumed values of
At, U, and B) the limiting phase speed need not be distin-
guished from Cg; this is to say that the time truncation
affects mainly the shorter waves.

4. THE EXTRAPOLATION OF SOLUTIONS OF THE
BAROTROPIC VORTICITY EQUATION

In the earlier discussion of the extrapolation technique,
we noted that the method may evidently be applied either
in the estimation of the individual differentials or in the
improvement of the separate solutions themselves. The
first method was considered in section 3 above, and we
now turn our attention to the second approach, which
may be termed “extrapolation of solutions.” This tech-
nique is, in fact, that originally suggested by Richardson
16], who termed it the “deferred approach to the limit.”

Continuing to use implicit differences for convenience,
the difference equation approximating (15) is

2 This same limiting expression also results from the unextrapolated solutions given by
Gates [2].
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Ficure 2.—The variation of the parameter A* of (28) with Az and L.
Here At=1 hr., U= 20 m.sec.”}, and 8 (45°)=1.619X 10~1 e¢m."! sec.~!

for the unextrapolated difference case.

(AtAZY) " (mtt e — 2 et T Wt e 1~ ¥ 1,7
F 2, r—Vm1,0) TUBAZ) T (Yo, o — 21,0+ 2001,
—Vms, st ¥mio et — 21, 1+ 21 it — Y2, 41)
+B(4A2) T Wt 1, r—¥m- 1o ¥t s — ¥m1,041) =0,
(35)

The solution of this equation for the simple harmonic
initial conditions used earlier is readily shown to be

Y=V exp{i I:ma—r tan™! <4il_)\)\2)]}; (36)

where X\ is given by (29) and a=2rAz/L as belore.
We may now write this solution specifically for our two
mesh sizes Az; and Az, as

Vony, =" exp{ ) I:mlal—r tan~! (JB‘;\Q]}, (37)
1

Vmg, r =W exp{i l:m2a2—‘r tan~! <442\§\2>]}; (38)
2

and seek to combine them by the extrapolation technique.

and

Also shown by the dashed lines is the corresponding parameter (29)

Since the truncation error of both (37) and (38) is O(Az?),
the appropriate extrapolation is of the form

‘p/m.rE(P?‘xbml,r_\&mQ,T) (PZ_l)_l- (39)

Selecting p=Ax,/Az,=2 for convenience, we then have

, 4 1
%m. ‘r=§ 4/’/1;1, 1—§ "me,'r' (40)

Combining the separate solutions (37) and (38) according
to (40), and noting m,ey=msa, at the points of the larger
mesh, we find after some manipulation

Vi, r—=VA exp{ik[m.Az,—7AtCy]}, (41)

where the amplitude factor A is given by

1 AN _1( 4>\2>
A—3{17 8cosl:rtan <4_>\12> 7 tan I—\p

(42)

and the numerical phase speed Cy is given by
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Ficure 3.—The variation of the numerical phase speed
ences” technique.

Rossby phase speed Cy of the continuous solution, and the limiting phase speed as Ar—0 are also given for comparison.

hr., U=20 m. sec.”!, and 8 (45°)=1.619X 107 em.~! sec.”}

L -
ON—M tan

. _ 4N . _ 4\
4 sin [T tan 1<4_;\12>:|—sm I:'r tan~! <4__;\22>] .
_ 4N _ 4z, >:|
1 MY | 1
4 cos[r tan 4_}\12>:| cos l:r tan <4_)\22

In order to simplify the further analysis of these results,
let us assume that the extrapolation of the two solutions
(40) is performed at each time step. It then suffices to
examine the solution (41) for r=1, and the amplitude
factor and phase speed are accordingly simplified. 1f
this is not done, and the extrapolation is considered to
be applied after an arbitrary number of time steps 7, the
amplitude A will vary with the choice of 7 between the
limits 1<A<5/3.2 With 7=1, the variation of A with

3 From the data presented by Gates [2], we may estimate that when 7.=1000 km.,

Ary=200 km., Arp=400 km., At=1 hr., U=20 m. sec.”l, and B(45°)=1.619X10-13 cm.1
sec.~! the maximum amplitude (5/3) would first occur for 7o214.

(43)

C¥ of (31) with Az and I,
Also shown by the dashed lines is the corresponding phase speed for the unextrapolated difference case.

the “‘extrapolation of differ-
The

Here Ai=1

for

Ar, and L is shown in table 1. We note that an amplitude
distortion of a few percent of the extrapolated solution

TaBLE 1.—The variation of the r=1 amplitude distortion A of (42)
as a function of wavelength L and selected mesh size Axy. Here
the second mesh Ar,=2Ax;, U=20 m. sec.™', At=1 hr., and
B(46°)=1.619X 1078 ¢m.~! sec.”1

Grid mesh Azy, in km,

L
(km.)
100 200 300 400
400
600
800
1000 . . 011 .
1500 1. 0001 1.0016 1.0050 11. 0062
2000 1. 0000 1.0003 1.0013 1.0027
2500 1. 0000 1. 0001 1. 0004 1.0009
3000 1. 0000 1.0000 1. 0001 1.0003
4000 1. 6000 1. 0000 1. 0000 1. 0001
6000 1.0000 1. 0600 1. 6000 1.0000
*or L=1200 km.

tfor L=1600 km.
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Ficure 4.—The variation of the numerical phase speed Cy of (43) with Av; and L, for the “extrapolation of solutions” technique. Also
shown by the dashed lines is the corresponding phase speed for the unextrapolated case. The Rossby phase speed Cg of the continuous
solution is also given for comparison. Here At=1 hr., U=20 m. sec.”!, and (45°) =1.619X 1071 cm.~! sec.™?

(41) is confined to the shorter waves, for which the larger
truncation errors are also made. For the longer wave-
lengths, \;—\; and A—1.

The varation of the phasc speed (43) of the extra-
polated solution is shown in figure 4 for r=1 as above.
The phase speed improvement is seen to be most pro-
nounced for the shorter waves; by comparison with
figure 3 we note that approximately twice as much im-
provement over the unextrapolated solution is here
obtained as was obtained by the technique of “extra-
polation of differentials.” For Az =100 km., waves of
length >1000 km. are now moved with very nearly the
correct speed. The present method of “extrapolation of
solutions’ is therefore somewhat more effective than the
method of section 3, at least as far as phase speeds are
concerned.

5. A METHOD OF

"OPTIMUM”  EXTRAPOLATION

While the solution extrapolation technique described
in the preceding section gives an overall improvement in

phase speed, the small amplitude distortion also introduced
(table 1) may be an undesirable feature for some purposes
and accordingly may limit the practical application of the
method. The solution extrapolation of (39) 1s based
upon the climination of the dominant spatial truncation
error ((Ar*), and i1s in this sense only an approxima-
tion. It is possible to ‘“extrapolate” the two solutions
(37) and (38) in a slightly different way, and thereby to
improve certain properties of the combined solution.

Let us form a simple linear combination of the solutions
(37) and (38),

'p;r:,rEa‘l/ml,r_bK[/mz,n (44)
where a and b are constants to be determined by the
imposition of two conditions upon the solution ¢/, .. As
a first condition, let us require the amplitude of ¢/, to
equal ¥, the amplitude of the initial conditions. This
condition will then remove the amplitude factor A found
in the previous method (at least for a certain wavelength,
as discussed below). As a second condition, we may
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require that the solution ¢/, , move at the phase speed

= (p*Cy,1—C,2) (p*—1)7Y, (45)

where Cy,; and Cy. are the phase speeds of the solutions
(37) and (38). This condition is suggested by the more
formal extrapolation technique, and insures that the
solution ¢/, . will move at a more accurate speed than
does either of its component solutions. As before, let
us select p=2, and note mye;=msxs. From these condi-
tions we may then write (44) in the form

o . 4 4N
V. .=T exp { 1 I:m2a3 3 T tan <4—7\i’>
1 _of 4N
-|—3 7 tan 4-)@)]}
=a¥ exp { i[m1a1~r tan—! - V):I}

— b exp{ 1 I:mQaz—r tan~! 44)\;2>]} (46)

and thereby determine a and b.
and introducing the notation

Setting r=1 as belore

_l -1 4N )

01—3tan <4__>\% ) 47
1 4x2> ‘

6,=7 tan I\ (48)

for convenience, we find upon equating real and imaginary
parts of each side of (46),

__sin [4(01—02)]

" sin [3(01—00)] (49)
o sin [91 ““02] .
= sin [3(6—6,)] (50)

For a selected Ar; and Az,(=2Ax,), the values of A, and
\e vary with the wavelength L (see fig. 1). Hence 6; and
6, are likewise wavelength dependent, and it would appear
that I must be specified for a unique determination of a
and b. Fortunately, however, the values of @ and b are
not very sensitive to the value of L selected, as shown in
table 2 below for the case Az;=100 km. For the longer

) 4
wavelengths we notice that a—g and b—»g
to the extrapolation technique considered earlier in sec-

7 corresponding

TaBLE 2.—The variation of the weighling coefficients a and b of (44)
with wavelength, for the case Ax;=100 km., U=20 m. sec.™, p=2,
At=1 hr., B (46°)=1.619 X 10718 cm.7! sec.”!

Wavelength L (km.)

400 600 800 1000 1500 2000 3000 6000
a 1.252 1.318 1.330 1.332 1.333 1.333 1.333 1.333
b 0.358 0. 338 0.334 0.333 0.333 0.333 0.333 0.333
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tion 4. Since it is the shorter waves’ phase speeds which
require the most improvement, we may select L=400
km., the smallest permissible value (the resolution of the
Az; mesh). In this case, the phase speed of the solution

2} o

m,Ts
o L T4,/ 4N\ 1,
C5=gpaz | 3100 (4—>\12>—3 1
varies as shown in figure 5. Here the corresponding
phase speeds for the methods of sections 3 and 4, as well
as that for the unextrapolated solution, are shown for
comparison. We note that the use of ¢=1.252 and
b=0.358 in (44) has given a small improvement over the
use of a=4/3, and b=1/3 as in (40), which in turn is
somewhat superior to the “extrapolation of differentials”
of (27). 'This selection of @ and b has, in effect, ‘‘tuned”
the weighting scheme to give the greatest improvement
at L=400 km., and is in this sense an “optimum ’ scheme.
For other Ax;, and a corresponding selection of ¢ and b
from table 2, generally similar results are obtained.

With this “tuning” to L=400 km., the amplitude is
unity for this wavelength but is generally not unity for
other wavelengths, as shown in table 3. This amplitude
distortion, especially for the longer waves, greatly reduces
the attractiveness of this “optimum’ method, and is far
more serious than that of the simpler method of “‘extra-
polation of solutions” (39). The small phase speed im-
provement given by this method over that of (39) would
therefore not be a useful improvement in practical appli-
cation.

4)\2

6. THE EXTRAPOLATION TECHNIQUE AND
SMOOTHING

The basic extrapolation scheme (39) attempts to im-
prove the accuracy of the finite-difference solutions by
the removal of some of the spatial truncation error.
Smoothing procedures (Shuman [9]), on the other hand,
arc designed to suppress the shorter waves (for which the
larger truncation error is made) by the deliberate intro-
duction of additional truncation, and in this sense the
two procedures are opposed. If we write (39) for a
discrete variable ¢, in the form

P, pm, = (1—p?)m, (52)
where the notations are as before, and write Shuman’s
“three-point”’ smoothing operator for the same variable

TaBLE 3.—The variation of the amplitude with wavelength of the
extrapolated solution (46), for the choice L=400 km. in order to

determine a (=1.252) and b (=0.358) in (49), (60). Here Ax;=
100 km., and p, U, At, and B are as in table 2.
Wavelength L (km.)
400 600 200 1000 1500 2000 3000 4000 6000
1.000 | 0.915| 0.809 [ 0.895| 0.894 | 0.804 | 0.894 | 0.8%4 0.894
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Ficure 5.—The variation of the numerical phase speed Cy of (51) with L for the “optimum” solution extrapolation at L=400 km., for

the case Az;=100 km.

Also shown for comparison are the corresponding phase speeds Cy (43) for the usual solution extrapolation

technique, C¥% (31) for the difference extrapolation technique, Cy for the unextrapolated solution, and Cz (32), the Rossby (contin-
uous) phase speed. Here At=1 hr., U=20 m. sec.”!, and 8(45°) =1.619X 1071 cm.~! sec.”!

in the form

ont ' —pon="(1—p) (‘p——MH—gwm“l)r (53)

we may examine this relationship in more detail.

In (53), the superscript ¢ denotes an ‘“‘unsmoothed”
value, and +1 denotes a (once) “smoothed” value, while
p is the “smoothing index”’. We notice that on a formal
basis the larger-mesh solution ¢,,; corresponds to the local
smoothed variable of Shuman, the smaller-mesh solution
@om corresponds to the local unsmoothed value, and the
extrapolated solution ¢,, corresponds to the local space
average of the unsmoothed variable of Shuman. With
this interpretation the two procedures complement each
other, and might well be employed together. For ex-
ample, one could apply an extrapolation technique and
then apply a smoothing operation, with the result that
the behavior of those wavelengths retained by the smooth-
ing would be better than if smoothing alone were applied.
With Az,=100 km., say, and p=2, this could be accom-
plished with (40) and a smoothing operator of the Shuman
type designed to suppress waves of length <600 km.

584984—61——2

7. CONCLUSIONS

The technique of extrapolating finite-difference esti-
mates to effective zero mesh size systematically reduces
the truncation error of solutions of the linear barotropic
vorticity difference equation. This technique increases
the numerical phase speeds toward the continuous solu-
tion’s speeds, cspecially for the shorter waves, while
preserving the solution’s amplitude. The extrapolation
of entire difference solutions found with two different
mesh sizes results in an even greater phase speed improve-
ment, and may be adjusted to give optimum results in the
vicinity of selected wavelengths. While this “extrapola-
tion of solution” technique improves the solution’s phase
speed, it introduces an amplitude distortion of certain
wavelengths. The ordinary solution extrapolation method
introduces about a 10-percent amplitude increase for the
shorter waves only, while the “optimum” method intro-
duces about a 10-percent amplitude decrease for all of the
longer waves, and is consequently unsuitable for routine
use. The method of “extrapolation by differentials,” for-
mally equivalent to the use of the higher-order difference
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approximations, may then be the best that can be expected
from the extrapolation techniques. Whether the in-
creased computation required by even this method is jus-
tified by the increased accuracy must await an actual
numerical integration. Such a test is particularly impor-
tant in view of the general observation that higher-order
difference schemes often fail to provide the accuracy
expected (Richtmyer [7]).

Although the implicit difference scheme has been em-
ployed in this analysis for convenience, the techniques
described are in no way restricted to it. Noting that the
numerical phase speeds of solutions found with the implicit
difference scheme are less accurate than those found, say,
with the first-forward-then-centered scheme (Gates |2]),
an extrapolation technique with the latter difference
scheme could be expected to give correspondingly more

accurate results.
REFERENCES

1. R. A. Buckingham, Numerical Methods, Pitman and Sons,
London, 1957, 597 pp. (See pp. 558-559.)

2. W. L. Gates, “On the Truncation Error, Stability, and Con-
vergence of Difference Solutions of the Barotropic Vorticity
Equation,” Journal of Meteorology, vol. 16, No. 5, Oct. 1959,
pPp. 556-568.

MONTHLY WEATHER REVIEW

Aprir, 1961

3. C. R. Hartree, Numerical Analysis, University Press, Oxford,
1952, 287 pp. (See pp. 139-141.)

4. E. Knighting, “The Reduction of Truncation Errors in Sym-
metrical Operators,” Technical Memorandum, No. 3, Joint
Numerical Weather Prediction Unit, Washington, D.C., 1855,
5 pp.

5. E. Knighting, D. E. Jones, and M. K. Hinds, ‘“Numerical

Experiments in the Integration of the Meteorological Equa-

tions of Motion,”” Quarterly Journal of the Royal Meteorological

Society, vol. 84, No. 360, Apr. 1958, pp. 91-167.

F. Richardson, “The Deferred Approach to the Limit,”

Philosophical Trensactions of the Royal Sociely of London,

vol. 226 (A), 1927, pp. 299-349.

7. R. D. Richtmyer, Difference Methods for Initial-Value Problems,
Interseience Publishers, Inc., New York, 1957, 238 pp. (See
. 24)

8. M. G. Salvadori, “Extrapolation Formulas in Linear Difference
Operators,” Proceedings, First U.S. National Congress on
Applied Mechanics, American Society of Mechanical Engi-
neers, New York, 1851, pp. 15-18.

9. F. G. Shuman, “A Method of Designing Finite-Difference
Smoothing Operators To Meet Specifications,” Technical
Memorandum No. 7, Joint Numerical Weather Prediction Unit,
Washington, D.C., 1955, 14 pp.

10. P. D. Thompson, “Reduction of Truncation Errors in the Com-
putation of Geostrophic Advection and Other Jacobians,”
Technical Memorandum No. 1, Joint Numerical Weather
Predietion Unit, Washington, D.C., 1¢55, 16 pp.

6. L.



